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Game theory has evolved to incorporate various forms of uncertainty. The intu-itionistic fuzzy (I-Fuzzy) framework is a powerful tool for modeling such uncer-tainties, particularly in two-person zero-sum matrix games (TZMGs) with impre-cise goals. This study addresses TZMGs where goals are represented in I-Fuzzyform under pessimistic, optimistic, and mixed approaches. By applying exponen-tial functions, optimization problems are constructed for each player. These prob-lems are then transformed into crisp linear programming problems (LPPs) usinglogarithmic functions, enabling the derivation of optimal strategies. The role andimpact of the shape parameter in exponential functions are analyzed, highlightingits influence through comparative insights. To illustrate the effectiveness and real-world relevance of the proposed approach, a practical healthcare problem eval-uating adverse MRI effects on cochlear implant (CI) users is solved, showcasingboth the methodology’s applicability and its potential for decision-making underuncertainty.Keywords:Two-person zero sum matrix game,Intuitionistic fuzzy goals, Exponen-tial functions

1. Introduction
Game theory is a mathematical study used to analyze the strategic interactions between two ormore than two rational decision makers (players). The fundamentals of game theory were first pre-sented in German language by Neumann in the research “Zur Theorie Der Gesellschaftsspiele (1928)”[1]. The english extension of this German research and the fundamentals of game theory are presentedin the book “Theory of Games and Economic Behaviour (1944)” by Neumann andMorgenstern [2]. Asper game theory, a finite number of strategies is defined for each player and all players utilize their
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respective strategies one after other. A distinct payoff is specified to each combination of strategicinteractions between the players. Game theory provides tools to predict the outcomes of these in-teractions, assuming that the framework of the game is structured in an unbiased manner for eachplayer and each player seeks to maximize their own payoffs. Non-cooperative games is a high appli-cation classification of games defined under game theory with an essential condition that the playerscannot hold on any pre-play communication. TZMG is a categorization of non-cooperative games in-volving two players in which the game is structured in a manner that the gain of one player is equalto other player’s loss. Game theory is applicable in numerous domains such as politics, commercialand business operations, field and board games, military and civil defense, engineering applications,robotics, multi-agent systems, networks etc [3].In idealist situations, it is assumed that the goals of TZMGunder crisp scenario are precisely definedbut in practicality, various factors associatedwith the gameproblemmakes it difficult to establishmoreprecise results. These factors include unpredictability of events, incomplete information, vaguenesswithin given data etc. Fuzzy set theory [4] is an inerrant tool to deal with the discrepancy withinthe given data. Fuzzy environment, by the utilization of membership function has been widely usedto cater with the vague nature of goals in TZMGs. Fuzzy environment incorporated within TZMGsadvances the study in a more realistic manner. Unlike the fuzzy environment, I-Fuzzy environmentacts as a more scrupulous medium in the study of TZMGs as it caters the nuance of indeterminacywithin the goals of the TZMGs by the use of a non-membership function along with a membershipfunction. The I-Fuzzy environment makes use of two major categorization of membership and non-membership functions : linear (triangular, trapezoidal etc) and non-linear (exponential, logarithmicetc). The non-linear membership functions because of their explicit representation are considered asa more viable tool in comparison to the linear membership functions which shortfall for a meticulousdepiction of the problem.
1.1 Literature review

Campos [5] was among the first to investigate a TZMG with imprecise payoff matrices and intro-duced a generalized approach to extend the classical solution method for matrix games. Atanassov[6] proposed a new form of fuzzy sets called I-Fuzzy sets. Bector et al. [7] showed that duality infuzzy linear programming is equivalent to TZMG with fuzzy payoffs, with limitations noted in earlierstudies. Aggarwal et al. [8] extended TZMG from a fuzzy framework to an I-Fuzzy framework and pro-posed a new solution concept to address indeterminacy in players’ aspiration levels. Aggarwal et al.[9] presented an approach providing efficient solution to a class of I-Fuzzy matrix games with piece-wise linear membership and non-membership functions. Kumar [10] proposed a max-min solutionapproach to solve multi-objective matrix games with fuzzy goals. Khan et al. [11] solved matrix gameswith Atanassov’s I-Fuzzy goals via indeterminacy resolution approach. Kumar [12] established the sim-ilarities between I-Fuzzy programming and goal programming. Debnath and Gupta [13] analyzed I-Fuzzy linear primal-dual problems using exponential membership functions and showed improvedduality performance over linear membership functions. Kumar [14] presented a maxmin–minmax so-lution tomulti-objective TZMGswith I-Fuzzy goals. Zheng and Brikaa [15] proposed an aspiration-level-based approach for solving multi-objective bi-matrix games with I-Fuzzy goals, extending the classicalfuzzy framework. Naqvi et al. [16] studied matrix games with qualitative payoffs modeled by linguisticinterval-valued intuitionistic fuzzy numbers and derived solutions via equivalent linear and nonlinearprogramming formulations. Seikh and Dutta [17] developed a method for solving matrix games withpicture fuzzy payoffs by employing multi-objective nonlinear programming and a weighted averageapproach. Fujita et al. [18] introduced the notion of the hyperfuzzy offgraph by incorporating variousuncertainity behaviors on both vertices and edges. Kumar and Garg [19] proposed a two-level fuzzy
2
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framework for solving single- and multi-objective matrix games with fuzzy goals and payoffs. Kumarand Aashish [20] utilized Archimedean t-norm and t-conorm based approach to solve q-rung orthopairfuzzy matrix games and backed its efficacy with application to electric vehicle market share problem.Majid et al. [21] utilized content analysis and the Fermatean Fuzzy TOPSIS method to rank strate-gies based on business intelligence in the context of smart cities. Malik and Gupta [22] developed anI-Fuzzy multi-objective linear fractional programming model, employing linearized formulations andmembership-based approaches to handle uncertainty and conflicting objectives.
1.2 Motivation and the Present Research Work

Upon reviewing the aforementioned literature, it is evident that exponentialmembership and non-membership functions capture vagueness and ambiguity in fuzzy optimization problems more effec-tively than their linear counterparts [13, 22, 23]. For supporting the logic to utilize the exponentialmembership and non-membership functions in fuzzy game modelling, the following arguments arepresented:
A1 In data analysis, while training algorithms or performing gradient-based optimization, themath-ematical functions must be differentiable everywhere. Linear functions gave sharp corners attheir peaks and baseswhich causes gradients to be undefined or jump abruptly, which can desta-bilize optimization algorithms. Exponential functions (e.g., Gaussian-like or Sigmoidal) on theother hand are smooth and differentiable across their entire domain. This allows for stable,continuous gradient descent, leading to more accurate model convergence.
A2 Real-world data rarely follows strict linear progressions. Human perception of vague concepts(“young”, “hot”, “risky” ) tends to follow non-linear sensitivity. Exponential functions decay orgrow rapidly at first and then plateau or vice versa. They capture the “curved” nature of real-world distributions better than straight lines, reducing the information loss that occurs whenwe tweak complex data into linear shapes.
A3 In IFSs, uncertainity is measured by the criteria of hesitation margin also. Exponential functionswhile calculating the entropy of a dataset often provide amore sensitivemeasure of informationcontent, helping algorithms distinguish between “slightly fuzzy” and “very fuzzy” data pointsmore effectively than linear approximations. Further, exponential functions are closely linkedto the principle of maximum entropy similar to Gaussian distributions which aim to maximizeentropy for a given variance.
A4 In an intuitionistic environment, the sum of membership (µ) and non-membership (ν) must beless than or equal to 1. Linear functions, following to the constraint while maintaining indepen-dent shapes for µ and ν can be geometrically awkward. Exponential forms allow for peculiardefinitions where µ and ν interact smoothly. For example, if µ is defined exponentially, ν can bedefined as a complementary exponential function that naturally respects the constraint whileallowing the hesitation to vary dynamically across the domain.
Inspired by this concept, we explore a TZMG with Intuitionistic Fuzzy Goals (TMGIG), where themembership and non-membership functions of the goals are modeled using triangular exponentialforms. The resulting optimization problems for both players take the form of two nonlinear program-ming models that are fuzzy duals of each other. To illustrate the influence of the shape parameteron the minimal degree of acceptability and maximal degree of rejection, a numerical example is pre-sented under the pessimistic scenario. To validate the results obtained from the proposed models,two comparative analyses have also been conducted against existing approaches.
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The present study provides the following contributions:
C1 To formulate a TMGIG, the goals’ membership and non-membership functions are representedusing exponential expressions. Additionally, the effect of shape parameters on the minimal de-gree of acceptability and the maximal degree of rejection is analyzed.
C2 To show the relevance and effectiveness, a numerical example is solved with a comparativeanalysis over the existing work.
C3 To show the real-life applicability and feasibility, a problem of healthcare management systemassociated with adverse effects of magnetic resonance imaging (MRI) with cochlear implants(CIs) has been solved. The role of shape parameter is also discussed.
The outlines of the remaining paper are given as follows. In Section 2, we present the I-Fuzzyduality results by exponential membership and non-membership functions. In Section 3, we give theformulation and solution of TZMGwith I-Fuzzy goals expressed in the formof exponentialmembershipand non-membership functions. To illustrate the feasibility of the proposed solution procedure, anumerical example has been solved in Section 4. In Subsection 4.1, the effectiveness and reliabilityof the proposed approach are rigorously examined through two detailed comparative analyses withestablished methods. To demonstrate the real-life applicability of the proposed solution approach, ahealthcare management system problem to analyze the MRI associated CI adverse effects has beenconsidered in Section 5. Finally, in Section 6, the conclusion from our findings and a brief discussionon the future scope of this topic are discussed.

2. I-Fuzzy Duality for Exponential Goal Functions
The I-Fuzzy duality results corresponding to exponential membership and non-membership func-tions are presented as follows.The fuzzy linear programming Primal-Dual problems (M1) & (M2) can be defined as:

(M1) Find x ∈ Rn

s.t.
cT x ≳ u0,

Ax ≲ b,
x ≥ 0.

(M2) Find y ∈ Rm

s.t.
bT y ≲ v0,

AT y ≳ c,
y ≥ 0.

Here Rn is the n-dimensional Euclidean space and Rm represents the m-dimens-ional Euclideanspace such that c, x ∈ Rn, b, y ∈ Rm and A is a (m × n) real-matrix. The symbol ≳ means essentiallygreater than or equal, symbol ≲ denotes essentially less than or equal, u0 denotes the aspiration levelfor primal objective in (M1) and v0 denotes the aspiration level for dual objective in (M2).
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The Primal-Dual problems (M1) and (M2) can be extended to I-Fuzzy Primal-Dual problems (M1)and (M2) as follows:

(M1) Find x ∈ Rn

s.t.
cT x ≳IF u0,

Ax ≲IF b,
x ≥ 0.

(M2) Find y ∈ Rm

s.t.
bT y ≲IF v0,

AT y ≳IF c,
y ≥ 0,

where “≳IF” and “≲IF” are termed as “essentially greater than or equal to” and “essentially lessthan or equal to” in I-Fuzzy sense [8], respectively.The I-Fuzzy problems with membership and non-membership functions for given aspirational val-ues and their respective tolerances can be classified into three categories based on the will of thedecision maker as in which manner he/she wishes to implement his/her strategy to solve the prob-lem. This leads us to the classification of exponential membership and non-membership functionsdefined for I-Fuzzy primal-dual problems based on the approaches (optimistic, pessimistic and mixed)of the player.
2.1 Pessimistic Approach

In the pessimistic approach, the decisionmaker tends to exhibit a greater inclination toward rejec-tion while accepting less than usual. To effectively capture the levels of satisfaction and dissatisfactionunder this mindset-both for the objective function and the set of constraints-we adopt the followingform of exponential membership and non-membership functions:
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For (M1)

µP
E(cT x) =


1, cT x ≥ u0,

e
−α0

 u0−cT x
p0


−e−α0

1−e−α0 , u0 − p0 ≤ cT x ≤ u0,

0, cT x ≤ u0 − p0.

,

µP
E(Aix) =


1, Aix ≤ bi,

e
−αi

( Ai x−bi
pi

)
−e−αi

1−e−αi , bi ≤ Aix ≤ bi + pi,

0, Aix ≥ bi + pi.

,

and

νP
E(cT x) =


1, cT x ≤ u0 − p0,

e
−α0

 cT x−u0+p0
q0


−e−α0

1−e−α0 , u0 − p0 ≤ cT x ≤ u0 − p0 + q0,

0, cT x ≥ u0 − p0 + q0.

,

νP
E(Aix) =


1, Aix ≥ bi + pi,

e
−αi

( bi−Ai x+pi
qi

)
−e−αi

1−e−αi , bi + pi − qi ≤ Aix ≤ bi + pi,

0, Aix ≤ bi + pi − qi.

,

where i = 1, 2, . . . ,m, the parameters α0, αi, where 0 < α0, αi < ∞, are referred as shape pa-rameters that reflect the degree of vagueness. The parameters p0 > 0 and q0 > 0 represents thetolerances associated with the membership and non-membership function of the objective function,respectively, with the condition 0 < q0 < p0. Similarly, for the ith constraint, pi > 0 and qi > 0 denotethe tolerances related to the membership and non-membership functions, respectively, satisfying 0 <
qi < pi. Here, Ai, bi represent the ith row of the matrix A and ith element of the vector b, respectively,for i = 1, 2, . . . ,m.For (M2)

µP
E(bT y) =


1, bT y ≤ v0,

e
−β0

 bT y−v0
s0


−e−β0

1−e−β0 , v0 ≤ bT y ≤ v0 + s0,

0, bT y ≥ v0 + s0.

,

µP
E(AT

j y) =


1, AT

j y ≥ c j,

e
−β j

 c j−AT
j y

s j


−e−β j

1−e−β j
, c j − s j ≤ AT

j y ≤ c j,

0, AT
j y ≤ c j − s j.

,

and

νP
E(bT y) =


1, bT y ≥ v0 + s0,

e
−β0

 v0−bT y+s0
t0


−e−β0

1−e−β0 , v0 + s0 − t0 ≤ bT y ≤ v0 + s0,

0, bT y ≤ v0 + s0 − t0.

,

νP
E(AT

j y) =


1, AT

j y ≤ c j − s j,

e
−β j

 AT
j y+s j−c j

t j


−e−β j

1−e−β j
, c j − s j ≤ AT

j y ≤ c j − s j + t j,

0, AT
j y ≥ c j − s j + t j.

,
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where j = 1, 2, . . . , n, the parameters β0, β j, where 0 < β0, β j <∞, are referred as shape parame-ters that reflect the degree of vagueness. The parameters s0 > 0 and t0 > 0 represents the tolerancesassociated with the membership and non-membership function of the objective function, respec-tively, with the condition 0 < t0 < s0. Similarly, for the jth constraint, s j > 0 and t j > 0 denote thetolerances related to themembership and non-membership functions, respectively, satisfying 0< t j <

s j. Here, A j, c j represent the jth column of the matrix A and jth element of the vector c, respectively,for j = 1, 2, . . . , n.In the aforementioned exponentialmembership and non-membership functions the shape param-eters α0, αi, β0 and β j act as paramount factors in anlayzing the optimal results. The prevalence andsensitivity to the optimal results of these parameters are described as follows:
(i) Description: In an IFS, particularly utilizing exponentialmembership and non-membership func-tions, the shape parameter acts as a critical turning knob. It dictates how strictly or loosely, thefuzzy set interprets input data. Exponential forms introduces non-linearity, making the shapeparameter essential for modelling complex real-world data.
(ii) Advantages: Shape parameter defines the curvature or steepness of the function, directly in-fluencing how data is mapped to fuzzy values. If data is dense and requires fine distinctionsbetween points (e.g., precision engineering measurements), a higher shape parameter helpsseperate them. If the data is sparse or inherently vague (e.g., linguistic opinions like “good” vs“fair”), a lower shape parameter smoothens the transitions. Mentioned below, are the advan-tages of shape parameter in the analysis of fuzzy data:

– It allows a single mathematical model to adapt to different types of uncertainity withoutchanging the fundamental problem.
– By adjusting the shape, the effect of outliers can be dampened. A flatter curve having lowershape parameter value makes the model less sensitive to minor data fluctuations.
– Many real-world phenomena (risk assessment, adverse drug reactions etc.) are not lin-ear. The exponential shape parameter models these exponential decays or growths moreaccurately than linear membership function : triangular or trapezoidal.

(iii) Sensitivity Analysis and The Shape Parameter : Sensitivity analysis in the context of shape pa-rameter is the process of varying the shape parameter to observe how the final output changes.This is crucial for validating the robustness of a model. Here are the key facts regarding sensitiv-ity results due to changes in the shape parameter:
– If the ranking of alternatives remains constant across a wide range of shape parameter val-ues, the decision is considered robust. This indicates that the best choice is clearly superior,regardless of how strictly or loosely you define the criteria.
– As the shape parameter monotonically increases or decrease, the shape parameter reacha threshold where the ranking of two alternatives flips. This reveals that the superiorityof any one of the alternatives depends on a specific interpretation of uncertainity and iscontext-dependent.
– The sensitivity analysis mathematically mirrors the psychological attitude of the decision-maker. A pessimistic decision maker might prefer a shape parameter that yields lowermembership values for the same data. An optimistic decision-makermight prefer a param-eter that yields higher membership. Sensitivity analysis helps visualize how “optimisim” or“pessimism” alters the final outcome.
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– Changing the shape parameter affects the entropy of the system. In an I-Fuzzy environ-ment, extreme values of the shape parameter might force the hesitiation index to shrinkor expand. Sensitivity analysis ensures that the chosen parameter does not artificially elim-inate the hesitation inherent in the problem.

Let σP
1 and σP

2 represent the minimal degree of acceptance and maximal degree of rejection, re-
spectively, for the problem (M1). In line with Angelov’s approach [24], and by incorporating exponen-tial membership and non-membership functions within the pessimistic framework, the problem (M1)can be transformed into the following crisp optimization problem:

(PP −M1) max σP
1 − σ

P
2s.t.

σP
1 ≤

e
−α0

(
u0−cT x

p0

)
− e−α0

1 − e−α0
=

e
α0

(
cT x−u0

p0

)
− e−α0

1 − e−α0
,

σP
2 ≥

e
−α0

(
cT x−u0+p0

q0

)
− e−α0

1 − e−α0
=

e
α0

(
u0−p0−cT x

q0

)
− e−α0

1 − e−α0
,

σP
1 ≤

e−αi

(
Ai x−bi

pi

)
− e−αi

1 − e−αi
=

eαi

(
bi−Ai x

pi

)
− e−αi

1 − e−αi
; (i = 1, 2, . . . ,m),

σP
2 ≥

e−αi

(
bi−Ai x+pi

qi

)
− e−αi

1 − e−αi
=

eαi

(
Ai x−bi−pi

qi

)
− e−αi

1 − e−αi
; (i = 1, 2, . . . ,m),

0 ≤ σP
2 ≤ σ

P
1 ≤ 1,

σP
1 + σ

P
2 ≤ 1,

x ≥ 0.

The problem (PP-M1) can be re-written as:
(PP −M1) max σP

1 − σ
P
2s.t.

p0 ln
(
σP

1
(
1 − e−α0

)
+ e−α0

)
≤ α0

(
cT x − u0

)
,

q0 ln
(
σP

2
(
1 − e−α0

)
+ e−α0

)
≥ α0

(
u0 − p0 − cT x

)
,

pi ln
(
σP

1
(
1 − e−αi

)
+ e−αi

)
≤ αi (bi − Aix) ; (i = 1, 2, . . . ,m),

qi ln
(
σP

2
(
1 − e−αi

)
+ e−αi

)
≥ αi (Aix − bi − pi) ; (i = 1, 2, . . . ,m),

0 ≤ σP
2 ≤ σ

P
1 ≤ 1,

σP
1 + σ

P
2 ≤ 1,

x ≥ 0.

Let χP
1 and χP

2 represent the minimal degree of acceptance and maximal degree of rejection, re-
spectively, for the problem (M2). In line with Angelov’s approach [24], and by incorporating exponen-tial membership and non-membership functions within the pessimistic framework, the problem (M2)
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can be transformed into the following crisp optimization problem:

(PD −M2) max χP
1 − χ

P
2s.t.

χP
1 ≤

e
−β0

(
bT y−v0

s0

)
− e−β0

1 − e−β0
=

e
β0

(
v0−bT y

s0

)
− e−β0

1 − e−β0
,

χP
2 ≥

e
−β0

(
v0−bT y+s0

t0

)
− e−β0

1 − e−β0
=

e
β0

(
bT y−v0−s0

t0

)
− e−β0

1 − e−β0
,

χP
1 ≤

e
−β j

 c j−AT
j y

s j


− e−β j

1 − e−β j
=

e
β j

 AT
j y−c j

s j


− e−β j

1 − e−β j
; ( j = 1, 2, . . . , n),

χP
2 ≥

e
−β j

 AT
j y+s j−c j

t j


− e−β j

1 − e−β j
=

e
β j

 c j−s j−AT
j y

t j


− e−β j

1 − e−β j
; ( j = 1, 2, . . . , n),

0 ≤ χP
2 ≤ χ

P
1 ≤ 1,

χP
1 + χ

P
2 ≤ 1,

y ≥ 0.

The problem (PD-M2) can be re-written as:
(PD −M2) max χP

1 − χ
P
2s.t.

s0 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0

(
v0 − bT y

)
,

t0 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0

(
bT y − v0 − s0

)
,

s j ln
(
χP

1

(
1 − e−β j

)
+ e−β j

)
≤ β j

(
AT

j y − c j

)
; ( j = 1, 2, . . . , n),

t j ln
(
χP

2

(
1 − e−β j

)
+ e−β j

)
≥ β j

(
c j − s j − AT

j y
)

; ( j = 1, 2, . . . , n),

0 ≤ χP
2 ≤ χ

P
1 ≤ 1,

χP
1 + χ

P
2 ≤ 1,

y ≥ 0.

Similar results can be formulated for optimistic and mixed cases. Using these results, we nowmodel a TZMG with I-Fuzzy information in the next section.
3. Solution of TZMGs with I-Fuzzy Goals

Let A be a (m × n) real matrix. Suppose �m = {x ∈ Rm| x ≥ 0 and ∑m
i=1 xi = 1} and �n = {y ∈

Rn| y ≥ 0 and ∑n
j=1 y j = 1} be the strategy space for player-I (�1) and player-II (�2), respectively. Let

u0 and v0 be the aspiration levels for�1 and�2, respectively. Let p0, q0 and s0, t0 be the tolerancesof acceptance, rejection associated with the aspiration levels u0 and v0 of �1 and �2, respectively.Then, T MGIG is expressed as:
T MGIG = (�m, �n, A; u0, ≳IF , p0, q0; v0, ≲IF , s0, t0)

where ≳IF and ≲IF are termed as “essentially greater than or equal to” and “essentially less thanor equal to”, in I-Fuzzy sense [8], respectively.
9
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Let xT Ay is the expected payoff of�1, and as the T MGIG is zero-sum the expected payoff of�2is −xT Ay.
A point (x̄, ȳ) ∈ �m ×�n is called a solution of the T MGIG if
1. (x̄)T Ay ≳IF(p0,q0) u0 ∀ y ∈�n,
2. xT A(ȳ) ≲IF(s0,t0) v0 ∀ x ∈�m.

where “≳IF(p0,q0)” represents “essentially greater than or equal to in I-Fuzzy sense with tolerances
p0 and q0”. Similarly, ”≲IF(s0,t0)” represents “essentially less than or equal to in I-Fuzzy sense withtolerances s0 and t0”.According to [8], the T MGIG is viewed as two optimization problems. These optimization prob-lems are equivalent to two I-Fuzzy LPPs which are given as:

(N1) Find x ∈ �m such that m∑
i=1

ai jxi ≳IF(p0,q0) u0, j = 1, 2, . . . , n.

(N2) Find y ∈ �n such that n∑
j=1

ai jy j ≲IF(s0,t0) v0, i = 1, 2, . . . ,m.

LPPs associated with the T MGIG, incorporating exponential membership and non-membershipfunctions for specified aspiration levels and their corresponding tolerances, can be grouped into threedistinct categories. These categories reflect the player’s preference regarding how they intend to pur-sue their strategy for solving the problem:
(i) Pessimistic Approach
(ii) Optimistic Approach
(iii) Mixed Approach

In pessimistic approach, the membership and non-membership functions for the goals are defined asoutlined in Section 2.Hence, we consider only pessimistic approach for solving the present game problem.
3.1 LPPs for T MGIG under Pessimistic Approach

Let σP
1 and σP

2 represent the minimal degree of acceptance and the maximal degree of rejection,
respectively, for the problem (N1). In accordance with the methodology proposed by Angelov [24],and by employing exponential membership and non-membership functions under the pessimistic ap-proach, the problem (N1) can be transformed into the following crisp optimization model.

10
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(CP − N1) max σP
1 − σ

P
2s.t.

σP
1 ≤

e
−α0

 u0−AT
j x

p0


− e−α0

1 − e−α0
=

e
α0

 AT
j x−u0

p0


− e−α0

1 − e−α0
; ( j = 1, 2, . . . , n),

σP
2 ≥

e
−α0

 AT
j x−u0+p0

q0


− e−α0

1 − e−α0
=

e
α0

 u0−p0−AT
j x

q0


− e−α0

1 − e−α0
; ( j = 1, 2, . . . , n),

0 ≤ σP
2 ≤ σ

P
1 ≤ 1,

σP
1 + σ

P
2 ≤ 1,

m∑
i=1

xi = 1,

x ≥ 0.

The problem (CP-N1) can be re-written as:
(CP − N1) max σP

1 − σ
P
2s.t.

p0 ln
(
σP

1
(
1 − e−α0

)
+ e−α0

)
≤ α0

(
AT

j x − u0

)
; ( j = 1, 2, . . . , n),

q0 ln
(
σP

2
(
1 − e−α0

)
+ e−α0

)
≥ α0

(
u0 − p0 − AT

j x
)

; ( j = 1, 2, . . . , n),

0 ≤ σP
2 ≤ σ

P
1 ≤ 1,

σP
1 + σ

P
2 ≤ 1,

m∑
i=1

xi = 1,

x ≥ 0.

Let χP
1 and χP

2 represent the minimal degree of acceptance and the maximal degree of rejection,
respectively, for the problem (N2). In accordance with the methodology proposed by Angelov [24],and by employing exponential membership and non-membership functions under the pessimistic ap-proach, the problem (N2) can be transformed into the following crisp optimization model.

(CP − N2) max χP
1 − χ

P
2s.t.

s0 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (v0 − Aiy) ; (i = 1, 2, . . . ,m),

t0 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (Aiy − v0 − s0) ; (i = 1, 2, . . . ,m),

0 ≤ χP
2 ≤ χ

P
1 ≤ 1,

χP
1 + χ

P
2 ≤ 1,

n∑
j=1

y j = 1,

y ≥ 0.

The pair (CP-N1) and (CP-N2) constitute an I-Fuzzy primal-dual pair.
11
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Proof. In (CP-N2), the objective function “max χP

1 - χP
2 ” is equivalent to “min − (χP

1 − χ
P
2 )”. Thus, the

problem (CP-N2) can be recasted as,
(CP − N3) max −(χP

1 − χ
P
2 )

s.t.

s0 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (Aiy − v0) ; (i = 1, 2, . . . ,m),

t0 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (v0 + s0 − Aiy) ; (i = 1, 2, . . . ,m),

0 ≤ χP
2 ≤ χ

P
1 ≤ 1,

χP
1 + χ

P
2 ≤ 1,

n∑
j=1

y j = 1,

y ≥ 0.

Hence, (CP-N1) and (CP-N3) are a primal-dual pair in I-Fuzzy sense [13]. □

4. Numerical Example
To demonstrate the applicability and feasibility of the proposed research, we solve the followingnumerical example from [8] in the following manner:Consider an T MGIG, whose payoff matrix A is

A =
(

1 3
4 0

)
Let u0 = 2.5, v0 = 1.5, p0 = 1, q0 = 0.6, s0 = 1, t0 = 0.75, i.e. �1 aspires to win more than 2.5 but is contentif he wins at least 1.5, similarly�2 aspires not to lose more than 1.5 but he will be content if he loosenot more than 2.5.The LPP corresponding to�1 can be defined as follows:

(K1) max σP
1 − σ

P
2s.t.

p0 ln
(
σP

1
(
1 − e−α0

)
+ e−α0

)
≤ α0 (x1 + 4x2 − 2.5) ,

p0 ln
(
σP

1
(
1 − e−α0

)
+ e−α0

)
≤ α0 (3x1 − 2.5) ,

q0 ln
(
σP

2
(
1 − e−α0

)
+ e−α0

)
≥ α0 (1.5 − x1 − 4x2) ,

q0 ln
(
σP

2
(
1 − e−α0

)
+ e−α0

)
≥ α0 (1.5 − 3x1) ,

0 ≤ σP
2 ≤ σ

P
1 ≤ 1,

σP
1 + σ

P
2 ≤ 1,

x1 + x2 = 1,
x1, x2 ≥ 0.

Similarly, the LPP corresponding to�2 can be defined as follows:

12
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(K2) max χP
1 − χ

P
2s.t.

s0 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (1.5 − y1 − 3y2) ,

s0 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (1.5 − 4y1) ,

t0 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (y1 + 3y2 − 2.5) ,

t0 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (4y1 − 2.5) ,

0 ≤ χP
2 ≤ χ

P
1 ≤ 1,

χP
1 + χ

P
2 ≤ 1,

y1 + y2 = 1,
y1, y2 ≥ 0.

By solving the I-Fuzzy LPPs (K1) and (K2) for various values of the shape parameters α0 and β0,we obtain different outcomes for the minimal degree of acceptance (σP
1 , χP

1 ) and the maximal degreeof rejection (σP
2 , χP

2 ), corresponding to �1 and �2, respectively. The resulting values from thesecomputations are systematically presented in the following Table 1.
Table 1Optimal Strategies and Acceptance-Rejection Degrees to�1 and�2 for different values of ShapeParameters

α0 β0 σP
1 σP

2 χP
1 χP

2 x = (x1, x2) y = (y1, y2) σP
1 - σP

2 χP
1 - χP

20.001 0.001 0.49987 0.16659 0.49987 0.33322 (0.66666,0.33333) (0.50000,0.50000) 0.33327 0.166650.010 0.010 0.49875 0.16597 0.49875 0.33222 (0.66666,0.33333) (0.50000,0.50000) 0.33277 0.166520.090 0.090 0.48875 0.16048 0.48875 0.32338 (0.66666,0.33333) (0.50000,0.50000) 0.32827 0.165360.160 0.160 0.48001 0.15575 0.48001 0.31572 (0.66666,0.33333) (0.50000,0.50000) 0.32425 0.164280.280 0.280 0.46505 0.14784 0.46505 0.30275 (0.66666,0.33333) (0.50000,0.50000) 0.31721 0.162300.380 0.380 0.45264 0.14143 0.45264 0.29211 (0.66666,0.33333) (0.50000,0.50000) 0.31121 0.160530.480 0.480 0.44028 0.13519 0.44028 0.28163 (0.66666,0.33333) (0.50000,0.50000) 0.30509 0.158640.580 0.580 0.42802 0.12907 0.42800 0.27134 (0.66666,0.33333) (0.50000,0.50000) 0.29894 0.156660.680 0.680 0.41580 0.12322 0.41580 0.26123 (0.66666,0.33333) (0.50000,0.50000) 0.29258 0.154570.780 0.780 0.40371 0.11750 0.40371 0.25132 (0.66666,0.33333) (0.50000,0.50000) 0.28621 0.152390.880 0.880 0.39174 0.11196 0.39174 0.24161 (0.66666,0.33333) (0.50000,0.50000) 0.27877 0.150120.980 0.980 0.37989 0.10659 0.37989 0.23211 (0.66666,0.33333) (0.50000,0.50000) 0.27329 0.147781.000 1.000 0.37754 0.10554 0.37754 0.23023 (0.66666,0.33333) (0.50000,0.50000) 0.27199 0.147301.500 1.500 0.32082 0.08157 0.32082 0.18245 (0.66666,0.33333) (0.50000,0.50000) 0.23924 0.134492.000 2.000 0.23601 0.03152 0.23601 0.14824 (0.66666,0.33333) (0.49998,0.50001) 0.20715 0.120772.500 2.500 0.22274 0.04620 0.22274 0.11632 (0.66666,0.33333) (0.49999,0.50000) 0.17654 0.106413.000 3.000 0.18242 0.03399 0.18245 0.09001 (0.66666,0.33333) (0.49999,0.50000) 0.14843 0.092443.500 3.500 0.14806 0.02465 0.14805 0.06884 (0.66666,0.33333) (0.49999,0.50000) 0.12340 0.079214.000 4.000 0.11921 0.01768 0.11920 0.05211 (0.66666,0.33333) (0.49999,0.50000) 0.10152 0.067094.500 4.500 0.09535 0.01254 0.09535 0.03911 (0.66666,0.33333) (0.49999,0.50000) 0.08280 0.056245.000 5.000 0.07586 0.00882 0.07585 0.02913 (0.66666,0.33333) (0.49999,0.49999) 0.06703 0.04672

4.1 Comparative Analysis

To compare the dynamics of obtained solutions and efficacy of the developed method a compar-itive analysis is performed against existing approaches : Aggarwal et al. [8] and Khan et al. [11] inthe context of T MGIG. Based on the results obtained, the following comparison points, distinctivelypresented with respect to each approach, are shown below.
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(i) Comparison with Aggarwal et al.’s [8] Method

1. The original solution to this numerical problem [8] has been calculated by assuming the I-Fuzzygoals with linear membership and non-membership functions. In this paper, the solution tothis numerical problem is calculated by taking exponential membership and non-membershipfunctions for I-Fuzzy goals with a calibrated implement: shape parameter.
2. For values of shape parameter α0 = 0.001 and β0 = 0.001, the solutions of this numerical prob-lem: σ1 = 0.49987, σ2 = 0.16659, χ1 = 0.49987, χ2 = 0.33322, x = (x1, x2) = (0.66666, 0.33333),

y = (y1, y2) = (0.50000, 0.50000), coincide with the solution to the problem [8].
3. The dynamic nature of the shape parameter is depicted through the vagueness created by it inTable 1. The shape parameter impacts the values of minimal degrees of acceptance and maxi-mal degrees of rejection corresponding to�1 and�2, respectively. As we increase the value ofshape parameters α0 and β0: 0.001 ≤ α0 ≤ 5 and 0.001 ≤ β0 ≤ 5, the values of σP

1 and σP
2 corre-sponding to �1, the values of χP

1 and χP
2 corresponding to �2 decrease for the given range ofvalues of α0 and β0. Also, the values of σP

1−σ
P
2 and χP

1−χ
P
2 decrease gradually for the same val-ues of α0 and β0 as discussed, but the constraints 0 ≤ σP

2 ≤ σ
P
1 ≤ 1 and 0 ≤ χP

2 ≤ χ
P
1 ≤ 1, howeversmall are the obtained values of σP

1 , σP
2 , χP

1 and χP
2 .

4. The present work, for better understanding and analysis of TZMG, has the possibility to be ex-tended to TZMGs with I-Fuzzy goals and fuzzy payoffs, expressed in the form of exponentialmembership and non-membership functions.
(ii) Comparison with Khan et al.’s [11] Method

Prior to provide a comprehensive comparitive analysis, we solved the above-mentioned exampleby using Khan et al.’s approach [11]. Using this approach, the obtained results have been provided inTable 2 for different values. The valuable comparison points have been developed as below:
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Table 2Optimal Solutions for�1 and�2 for different values of Parameter λ

λ x1 x2 ς y1 y2 Φ0 0.66666 0.33333 0.50000 0.50000 0.50000 0.50000
1
20 0.66666 0.33333 0.51666 0.50000 0.50000 0.50000
1
19 0.66666 0.33333 0.51753 0.50000 0.50000 0.50876
1
18 0.66666 0.33333 0.51850 0.50000 0.50000 0.50925
1
17 0.66666 0.33333 0.51960 0.50000 0.50000 0.50980
1
16 0.66666 0.33333 0.52083 0.50000 0.50000 0.51042
1
15 0.66666 0.33333 0.52220 0.50000 0.50000 0.51110
1
14 0.66666 0.33333 0.52380 0.50000 0.50000 0.51190
1
13 0.66666 0.33333 0.52563 0.50000 0.50000 0.51281
1
12 0.66666 0.33333 0.52776 0.50000 0.50000 0.51388
1
11 0.66666 0.33333 0.53030 0.50000 0.50000 0.51515
1
10 0.66666 0.33333 0.53333 0.50000 0.50000 0.51666
1
9 0.66666 0.33333 0.53703 0.50000 0.50000 0.51851
1
8 0.66666 0.33333 0.54166 0.50000 0.50000 0.52083
1
7 0.66666 0.33333 0.54763 0.50000 0.50000 0.52381
1
6 0.66666 0.33333 0.55553 0.50000 0.50000 0.52776
1
5 0.66666 0.33333 0.56666 0.50000 0.50000 0.53333
1
4 0.66666 0.33333 0.58333 0.50000 0.50000 0.54166
1
3 0.66666 0.33333 0.61110 0.50000 0.50000 0.55555
1
2 0.66666 0.33333 0.66666 0.50000 0.50000 0.583331 0.66666 0.33333 0.83333 0.50000 0.50000 0.66666

1. The results obtained by Khan et al.’s [11] method in Table 2, it is observed that the optimal strate-gies to�1 : x1 = 0.66666, x2 = 0.33333 and�2 : y1 = 0.50000, y2 = 0.50000 remains constantfor changing values of the parameter λ, but the satisfaction levels to the optimal strategies ofboth �1 and �2 increases with increasing values of λ. This is highly noticable from Table 2specifically when value of λ changes from λ = 1
2 to λ = 1. Furthermore, this indicates that Khanet al.’s [11] method turns biased towards a particular strategy, neglecting the dynamism inclusivewithin the goals of T MGIG.

2. The parameter λ utilized by Khan et al. [11] provides intricacy in dealing with I-Fuzzy goals withinTZMGs by providing detailed geometrical interpretation when computed for numerous valuesof λ. But it cannot attain the level of sensitivity which the shape parameters (α0 and β0) could,even by considering large number of values of λ. This is because the results obtained at a singlevalue of shape parameters (α0 and β0) in Table 1 caters sensitivity equivalent to results obtainedby computing aggregate results for aT MGIG considering a large number of values of parameter
λ.

3. Khan et al.’s [11] method only infers and discusses about the satisfaction level to the strategyof Players �1 and �2 respectively. On the other hand in Table 1 the minimum level of accep-tance and maximum degree of rejection is computed simultaneously. This factor plays a crucialrole while dealing with some real life problems, which take into account both acceptance andrejection to a strategy.
4. The absence of rejection or dissatisfaction levels to a strategy in Khan et al.’s [11] methodologylimits its scope of risk assessment in real-life scenarios, which deal with risk management along
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with optimal attainment of results in dealing a problem.

5. MRI Related CIs Adverse Events Reporting Based TZMG
This section is organized into three subsections: the first outlines the adverse effects associatedwith CI and MRI, the second details the problem formulation and its solution, and the third providesthe discussion and key advantages of the proposed research.

5.1 CI and MRI Associated Adverse Effects

Disabilities are a sensitive problem existing within the developing human society. Hearing lossis a significant disability issue which impacts the life of the people socially, psychologically, mentallyas well as economically. Hearing loss does not only delimits the physical capabilities of people butit also puts an impact on the mental health creating obstructions in their academic life reducing thescope of their employment. These impacts and obstructions dwindle the confidence of these peopleas a part of the society. Significant technological advancements in themedical industry have helped inmaking people’s life easier. CIs is one such technology restoring the hearing ability of people, providingpragmatic support, help them through the challenges they had encountered and lead their lives inan inordinately positive manner. CIs are surgically inseminated devices that retrieve external soundsthrough the medium of an external microphone. The sound is processed and converted into radio-frequency signals magnetically paired over the skin. The receiver decrypts the radio-frequency signalsand stimulates the auditory nerve through the electrode array within the cochlea.Technological advancements in CI machinery have resulted in significant improvements regardinguser compatibility. Advancements in the external microphone receiver prominently helps with tran-sient sound processing for sounds of dynamic frequency range along with improved battery life, waterresistance and shock absorption. Advancements in the implanted component provides with its highernatural viability for the users. MRI compatibility with CIs is one such advancement that has beenworked upon for years by the CI manufacturing companies to achieve ease for patients with CIs toundergoMRIs without facing any internal-external risk or surgical removal for the same. Major world-wide manufacturers such as Advanced Bionics, Cochlear Limited and MED-EL have developed deviceswhich are MRI compatible but as the technology is under-developing users are prone to face someadverse events during MRI. The Food and Drug Administration (FDA), Manufacturer and User FacilityDevice Experience (MAUDE) of the United States of America runs the initiative to collect informationregarding MRI related CI adverse events.In this section, we utilize the MRI related CI adverse events data by FDA and MAUDE from [25],for particular problems associated with the following companies : Advanced Bionics, Cochlear Limitedand MED-EL. We use the data to construct an T MGIG. Further, we construct a LPP corresponding tothe matrix game and solve it using exponential form of functions to find an optimal solution.
5.2 Formulation and Solution ofMRI Related CI Adverse Effects as TZMGwith I-Fuzzy
Goals

Healthcare management system upholds the paramount responsibility to tackle the numerousdisabilities, diseases and other significant healthcare issues. Healthcare management system tacklesthe problemof hearing disability by using various natural therapies,medications, hearing-aids, surgicalimplants etc. The mentioned methods are utilized based on the percentage of hearing disability withwhich a person is suffering. CIs is one such revolutionary surgical and technological advancements thathelps in resolving very high percentage of hearing disability in peoples. MRI compatibility issues of CIs
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show up various adverse effects with CI users. These MRI related CI adverse effects pose a significantproblem to be resolved by the healthcare management system by providing the best MRI compatibleCI solution to the CI users.This form of interaction between the healthcare management system and the adverse effects as-sociated with MRI incompatibility of CIs indicates that TZMG framework could be utilized to cater thementioned problem. For 100% reporting of MRI related CI adverse effects by all the CI users, the CIsshould be 0% MRI compatible, similarly, 100% MRI compatibility of CIs achieved by manufacturingcompanies, 0% MRI adverse effect problems should be reported. Therefore the given game can beconsidered as a TZMG.For removing the MRI related CI adverse effects problem in a healthcare management system, weconsider all major MRI adverse effects created by various CIs in the CI users. The CI users report thefollowing adverse effects : dislocation of the CI, expulsion of the CI, improper procedure, uncodifiedMRI incompatibility report, experience of pain and failure of CI against the manufacturing companies:Advanced Bionics, Cochlear Limited and MED-EL.Set the reported adverse effects (MRI incompatibility problems of CI) as �1 and the healthcaremanagement system as �2. In this strategic interaction, �1 represents the various adverse effectsencountered by CI users due to its incompatibility withMRI, while�2 represents the healthcare man-agement system which assesses the data of various adverse effects reported by CI users associatedwith various CI manufacturing companies. In the view of game theory, both players can make strate-gic decisions and counter each others’ moves. Thus, to the following reference adverse effects aimto maximize their gain by presenting maximum recorded reports of MRI incompatibility with CI users.Irreconcilably, healthcare management system seeks to minimize these adverse effect problems re-ported by CI users encounteringMRI incompatibility. For this gamemodel, each player has the follow-ing strategies:Strategies of�1 (Adverse effects)

E1: Dislocation of the CI;
E2: Expulsion of the CI;
E3: Improper procedure;
E4: Uncodified MRI incompatibility report;
E5: Experience of pain;
E6: Failure of CI.

Strategies of�2 (Healthcare management system)
C1: Prescription of CI of Advanced Bionics as the best suited MRI compatible CI equipment by thehealthcare management system;
C2: Prescription of CI of Cochlear Limited as the best suited MRI compatible CI equipment by thehealthcare management system;
C3: Prescription of CI of MED-EL as the best suited MRI compatible CI equipment by the healthcaremanagement system.
In accordance with the following assumptions, the payoff matrix A to the given problem is ex-pressed as follows:
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A =



C1 C2 C3

E1 40 226 0
E2 18 205 0
E3 3 5 3
E4 51 297 4
E5 49 158 4
E6 6 6 8


where, ai j = Number of persons who reported experiencing adverse MRI CI effect Ei due to the in-compatibility of CI of manufacturing company C j.

v̄ = max
i

max
j

(ai j) = max{51, 297, 8} = 297

v = min
j

min
i

(ai j) = min{0, 0, 3, 4, 4, 8} = 0

where, the goal v̄ and v connotes respectively to the maximal and minimal number of MRI incompati-ble CI’s adverse effect problems that can be recorded in the form of strategies E1, E2, E3, E4, E5 or E6contrary to the healthcare management system which deals them with the strategies C1, C2 and C3.Let u0 = 186, p0 = 74, q0 = 44 and σP
1 , σP

2 be the minimal degree of rejection, maximal degree of
rejection associated with�1, then the LPP (L1) corresponding to�1 can be defined as:

(L1) max σP
1 − σ

P
2s.t.

74 ln
(
σP

1
(
1 − e−α0

)
+ e−α0

)
≤ α0(40x1 + 18x2 + 3x3 + 51x4 + 49x5

+ 6x6 − 186),

74 ln
(
σP

1
(
1 − e−α0

)
+ e−α0

)
≤ α0(226x1 + 205x2 + 5x3 + 297x4 + 158x5

+ 6x6 − 186),

74 ln
(
σP

1
(
1 − e−α0

)
+ e−α0

)
≤ α0(3x3 + 4x4 + 4x5 + 8x6 − 186),

44 ln
(
σP

2
(
1 − e−α0

)
+ e−α0

)
≥ α0(112 − 40x1 − 18x2 − 3x3 − 51x4

− 49x5 − 6x6),

44 ln
(
σP

2
(
1 − e−α0

)
+ e−α0

)
≥ α0(112 − 226x1 − 205x2 − 5x3 − 297x4

− 158x5 − 6x6),

44 ln
(
σP

2
(
1 − e−α0

)
+ e−α0

)
≥ α0 (112 − 3x3 − 4x4 − 4x5 − 8x6) ,

0 ≤ σP
2 ≤ σ

P
1 ≤ 1,

σP
1 + σ

P
2 ≤ 1,

x1 + x2 + x3 + x4 + x5 + x6 = 1,
x1, x2, x3, x4, x5, x6 ≥ 0.

Solving the I-Fuzzy LPP (L1) for various values of shape parameters α0, we get different values forminimal degree of acceptance σP
1 and maximal degree of rejection σP

2 associated with �1. Thesecalculations are represented in the Table 3 as follows:Let v0 = 111, s0 = 74, t0 = 55 and χP
1 , χP

2 be respectively the minimal degree of rejection, maximal
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Table 3Optimal Strategies and Acceptance-Rejection Degrees of�1 for Different Values of Shape Parameter

α0 σP
1 σP

2 x = (x1, x2, x3, x4, x5, x6) σP
1 - σP

23.000×10−6 0.75536 0.01936 (0.17995,0.15897,0.11121,0.22917,0.17296,0.14770) 0.735993.001×10−6 0.75752 0.01938 (0.18128,0.16022,0.11138,0.22806,0.17242,0.14663) 0.738143.002×10−6 0.75526 0.01937 (0.17995,0.15896,0.11121,0.22920,0.17297,0.14768) 0.735893.003×10−6 0.75520 0.01937 (0.17995,0.15896,0.11120,0.22921,0.17297,0.14767) 0.735833.004×10−6 0.75805 0.01943 (0.18196,0.16099,0.11160,0.22719,0.17204,0.14621) 0.738623.005×10−6 0.75801 0.01943 (0.18196,0.16099,0.11159,0.22720,0.17204,0.14619) 0.738573.006×10−6 0.75796 0.01943 (0.18196,0.16098,0.11159,0.22721,0.17204,0.14618) 0.738523.007×10−6 0.75723 0.01938 (0.18129,0.16020,0.11137,0.22813,0.17244,0.14656) 0.737843.008×10−6 0.75718 0.01939 (0.18129,0.16019,0.11136,0.22814,0.17244,0.14654) 0.737793.009×10−6 0.75490 0.01937 (0.17995,0.15893,0.11119,0.22929,0.17300,0.14761) 0.735523.010×10−6 0.75485 0.01937 (0.17995,0.15893,0.11118,0.22931,0.17300,0.14759) 0.735473.011×10−6 0.75772 0.01944 (0.18197,0.16097,0.11158,0.22727,0.17206,0.14612) 0.738283.012×10−6 0.75699 0.01939 (0.18129,0.16018,0.11135,0.22819,0.17246,0.14650) 0.737593.013×10−6 0.75694 0.01939 (0.18129,0.16018,0.11135,0.22821,0.17246,0.14648) 0.737553.014×10−6 0.75464 0.01938 (0.17999,0.15891,0.11117,0.22936,0.17302,0.14755) 0.735263.015×10−6 0.75459 0.01938 (0.17995,0.15891,0.11117,0.22937,0.17303,0.14755) 0.735213.016×10−6 0.75454 0.01938 (0.17995,0.15890,0.11117,0.22939,0.17303,0.14753) 0.735163.017×10−6 0.75449 0.01938 (0.17995,0.15890,0.11117,0.22940,0.17304,0.14751) 0.735113.018×10−6 0.75444 0.01938 (0.17995,0.15890,0.11117,0.22941,0.17304,0.14750) 0.735053.019×10−6 0.75439 0.01938 (0.17996,0.15889,0.11116,0.22943,0.17305,0.14749) 0.735003.020×10−6 0.74134 0.01941 (0.17312,0.15291,0.11064,0.23428,0.17551,0.15351) 0.72192
degree of rejection associated with�2, then the LPP (L2) corresponding to�2 can be defined as:

(L2) max χP
1 − χ

P
2s.t.

74 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (111 − 40y1 − 226y2) ,

74 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (111 − 18y1 − 205y2) ,

74 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (111 − 3y1 − 5y2 − 3y3) ,

74 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (111 − 51y1 − 297y2 − 4y3) ,

74 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (111 − 49y1 − 158y2 − 4y3) ,

74 ln
(
χP

1

(
1 − e−β0

)
+ e−β0

)
≤ β0 (111 − 6y1 − 6y2 − 8y3) ,

55 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (40y1 + 226y2 − 185) ,

55 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (18y1 + 205y2 − 185) ,

55 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (3y1 + 5y2 + 3y3 − 185) ,

55 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (51y1 + 297y2 + 4y3 − 185) ,

55 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (49y1 + 158y2 + 4y3 − 185) ,

55 ln
(
χP

2

(
1 − e−β0

)
+ e−β0

)
≥ β0 (6y1 + 6y2 + 8y3 − 185) ,

0 ≤ χP
2 ≤ χ

P
1 ≤ 1,

χP
1 + χ

P
2 ≤ 1,

y1 + y2 + y3 = 1,
y1, y2, y3 ≥ 0.
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Solving the I-Fuzzy LPP (L2) for various values of shape parameters β0 we get different values forminimal degree of acceptance χP

1 and maximal degree of rejection χP
2 associated with �2. Thesecalculations are represented in the Table 4 as follows:

Table 4Optimal Strategies and Acceptance-Rejection Degrees to�2 for Different Values of ShapeParameters
β0 χP

1 χP
2 y = (y1, y2, y3) χP

1 - χP
23.000×10−6 1 0 (0.13250,0.12252,0.74197) 13.001×10−6 1 0 (0.13250,0.12252,0.74197) 13.002×10−6 1 0 (0.13250,0.12252,0.74197) 13.003×10−6 1 0 (0.13250,0.12252,0.74197) 13.004×10−6 1 0 (0.13250,0.12252,0.74197) 13.005×10−6 1 0 (0.13250,0.12252,0.74197) 13.006×10−6 1 0 (0.13250,0.12252,0.74197) 13.007×10−6 1 0 (0.13250,0.12252,0.74197) 13.008×10−6 1 0 (0.13250,0.12252,0.74197) 13.009×10−6 1 0 (0.13250,0.12252,0.74197) 13.010×10−6 1 0 (0.13250,0.12252,0.74197) 13.011×10−6 1 0 (0.13250,0.12252,0.74197) 13.012×10−6 1 0 (0.13250,0.12252,0.74197) 13.013×10−6 1 0 (0.13250,0.12252,0.74197) 13.014×10−6 1 0 (0.13250,0.12252,0.74197) 13.015×10−6 1 0 (0.13250,0.12252,0.74197) 13.016×10−6 1 0 (0.13250,0.12252,0.74197) 13.017×10−6 1 0 (0.13250,0.12252,0.74197) 13.017×10−6 1 0 (0.13250,0.12252,0.74197) 13.018×10−6 1 0 (0.13250,0.12252,0.74197) 13.019×10−6 1 0 (0.13250,0.12252,0.74197) 13.020×10−6 1 0 (0.13250,0.12252,0.74197) 1

5.3 Discussion and Advantages

Social health management is a critical issue for any country. Social health management includesmanagement of issues such as diseases and disabilities. The disabled people can act as a vital humanresource, and can play a crucial role in the development of a country. The disability of these peo-ple could be dealt with various medicinal, technological and therapeutic solutions. As per [26] theWorld Health Organization (WHO), over 1.5 billion people experience some degree of hearing loss,and around 430 million of them have disabling hearing loss requiring rehabilitation services. Thisnumber is projected to rise to 2.5 billion with disabling hearing loss affecting 700 million by 2050.WHO estimates [27] that in India there are approximately 63 million people, who are suffering fromsignificant auditory impairment and as per Indian Sign Language Research and Training Centre [28],there are 18 million deaf individuals in the country. These people are at a higher risk in the sense ofunderdevelopment of personality, social anxiety and job opportunities.To resolve this problem, CIs are used as an exceptional technological advancement. CI is an effec-tive solution restoring hearing abilities in people suffering from significant hearing loss or deafness.The effectiveness and impact of CIs in the life of people, suffering with disabilities is distinctive and
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revolutionary in comparison to other existing methods (medicinal, surgical, technological and ther-apeutic) which are used to deal with disabilities. This distinctiveness of CIs lies in the fact that theother methods of resolving the problem of disabilities act as a replacement to the disabled organ orbody part in the life of a person with disability. While, CIs act as a revolutionary tool which do notjust act as an essential part of the disabled people, but technically revives the ability of the cochleato send neural signals via auditory nerve to the brain, enabling in them the ability to hear. Hence, weconstructed a T MGIG, including adverse effects associatedwithMRI incompatibility of CI: dislocationof the CI, expulsion of the CI, improper procedure, uncodified MRI incompatibility report, experienceof pain and failure of CI. These adverse effects act as �1 and our objective was to find the best MRIcompatible CI from manufacturing companies: Advanced Bionics, Cochlear Limited and MED-EL. Forthis, the healthcare management system is considered as �2 which assesses the number of reportsrecorded, following an adverse effect corresponding to the CI of a particular company. Though, theCIs of all these companies solve the same problem, but we have to find the CI with least numberof reports with respect to all the recorded MRI adverse effects problems. Consequently, the health-care management system chooses the 3rd course of action (CI of MED-EL) as the best strategy to thisproblem.
6. Conclusion

This paper proposes a solution methodology for the T MGIG problem incorporating exponentialfuzzy goals. The approach begins by formulating a framework in which the goals are represented us-ing triangular exponential membership and non-membership functions. Within this framework, theoptimization problems for both players are initially transformed into two LPPs characterized by expo-nential membership and non-membership functions. Furthermore, the duality relationship betweenthese LPPs is established in the context of intuitionistic fuzzy logic.The effectiveness of the proposed solution procedure is demonstrated through a numerical exam-ple. In this example, the significance of shape parameter is tested not only on the optimal strategyvalues of both players but also on the degrees of minimal acceptance and maximal rejection. A realcase study is considered in which a healthcare management system problem to analyze the MRI as-sociated CI adverse effects has been modeled in the form of T MGIG. The optimal solution of thisproblem provides that what CI device will be suitable for the users undergoing MRI with the high-est probability. A comparative analysis with a comprehensive discussion of the proposed procedureis given in contrast to the existing methodologies which are used to find the optimal solutions for
T MGIG.In future, the authors aim to extend the present research for solving matrix game problems with I-Fuzzy goals and fuzzy payoffs, expressed in the form of exponentialmembership and non-membershipfunctions.
AcknowledgmentThe authors are grateful to the Editor-in-Chief and the anonymous reviewers for their valuable com-ments and constructive suggestions, which have significantly improved the quality of the manuscript.The authors declare that no funding was received for this research.
Conflict of interestThe authors declare that they have no conflict of interest.

21



Spectrum of decision making and applicationsVolume 00, Issue 00 (2026) 1-23
References

[1] Neumann, J. v. (1928). Zur Theorie der Gesellschaftsspiele. Mathematische Annalen, 100(1),295–300. https://doi.org/10.1007/BF01448847
[2] Neumann, J. v., Morgenstern, O. (1944). Theory of games and economic behavior. PrincetonUniversity Press. https://doi.org/10.1515/9781400829460
[3] Bauso, D. (2016). Game theory with engineering applications. Society for Industrial and AppliedMathematics (SIAM). https://doi.org/10.1137/1.9781611974690
[4] Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338–353.https://doi.org/10.1016/S0019-9958(65)90241-X
[5] Campos, L. (1989). Fuzzy linear programming models to solve fuzzy matrix games. Fuzzy Sets and

Systems, 32(3), 275–289. https://doi.org/10.1016/0165-0114(89)90260-1
[6] Atanassov, K. T. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20(1), 87–96.https://doi.org/10.1016/S0165-0114(86)80034-3
[7] Bector, C. R., Chandra, S., Vijay, V. (2004). Duality in linear programming with fuzzy pa-rameters and matrix games with fuzzy payoffs. Fuzzy Sets and Systems, 146(2), 253–269.https://doi.org/10.1016/j.fss.2003.10.005
[8] Aggarwal, A., Mehra, A., Chandra, S. (2012). Application of linear programming with I-fuzzy setsto matrix games with I-fuzzy goals. Fuzzy Optimization and Decision Making, 11(4), 465–480.https://doi.org/10.1007/s10700-012-9123-z
[9] Aggarwal, A., Chandra, S., Mehra, A. (2014). Solving matrix games with I-fuzzy payoffs:Pareto-optimal security strategies approach. Fuzzy Information and Engineering, 6(2), 167–192.https://doi.org/10.1016/j.fiae.2014.08.003
[10] Kumar, S. (2016). Max-min solution approach for multi-objective matrix game with fuzzy goals.

Yugoslav Journal of Operations Research, 26(1), 51–60. http://doi.org/10.2298/YJOR140415008K
[11] Khan, I., Aggarwal, A., Mehra, A., Chandra, S. (2017). Solving matrix games with Atanassov’sI-fuzzy goals via indeterminancy resolution approach. Journal of Information and Optimization

Sciences, 38(2), 259–287. https://doi.org/10.1080/02522667.2016.1164999
[12] Kumar, S. (2017). The relationship between intuitionistic fuzzy programming and goal program-ming. In Proceedings of Sixth International Conference on Soft Computing for Problem Solving(Vol. 1, pp. 220–229). Springer. https://doi.org/10.1007/978-981-10-3322-3 20
[13] Debnath, I. P., Gupta, S. K. (2019). Exponential membership function and duality gapsfor I-fuzzy linear programming problems. Iranian Journal of Fuzzy Systems, 16(2), 147–163.https://doi.org/10.22111/ijfs.2019.4549
[14] Kumar, S. (2021). Piecewise linear programming approach to solve multi-objectivematrix games with I-fuzzy goals. Annals of Operations Research, 8(1), 1–13.https://doi.org/10.1080/23307706.2019.1619491
[15] Zheng, Z., Brikaa, M. G. (2022). Solving multi-objective bi-matrix games with intuitionistic fuzzygoals through an aspiration level approach. International Journal of Computing Science and

Mathematics, 16(4), 307–326. https://doi.org/10.1504/IJCSM.2022.128650
22

https://doi.org/10.1007/BF01448847
https://doi.org/10.1515/9781400829460
https://doi.org/10.1137/1.9781611974690
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/0165-0114(89)90260-1
https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1016/j.fss.2003.10.005
https://doi.org/10.1007/s10700-012-9123-z
https://doi.org/10.1016/j.fiae.2014.08.003
http://doi.org/10.2298/YJOR140415008K
https://doi.org/10.1080/02522667.2016.1164999
https://doi.org/10.1007/978-981-10-3322-3_20
https://doi.org/10.22111/ijfs.2019.4549
https://doi.org/10.1080/23307706.2019.1619491
https://doi.org/10.1504/IJCSM.2022.128650


Spectrum of decision making and applicationsVolume 00, Issue 00 (2026) 1-23
[16] Naqvi, D., Verma, R., Aggarwal, A., Sachdev, G. (2022). Solutions of matrix games in-volving linguistic interval-valued intuitionistic fuzzy sets. Soft Computing, 27(2), 783–808.https://doi.org/10.1007/s00500-022-07609-4
[17] Seikh, M. R., Dutta, S. (2024). A non-linearmathematical approach for solvingmatrix gameswithpicture fuzzy payoffs with application to cyberterrorism attacks. Decision Analytics Journal, 10,Article 100394. https://doi.org/10.1016/j.dajour.2023.100394
[18] Fujita, T., Mehmood, A., Ghaib, A. A. (2025). Hyperfuzzy offgraphs: A unified graph-based theo-retical decision framework for hierarchical under off-uncertainty. Applied Decision Analytics, 1(1),1–14. http://ada-journal.org/index.php/ada/article/view/1
[19] Kumar, S., Garg, H. (2025). A novel two-level fuzzy set theoretic approach to solvemulti-objective matrix games and its applications. Annals of Operations Research, 1–41.https://doi.org/10.1007/s10479-025-06524-9
[20] Kumar, S., Aashish. (2025). Archimedean T-norm and T-conorm based approach to solve q-rungorthopair fuzzy matrix games and its application to electric vehicle market share problem. In

7th International Conference on Information Systems and Computer Networks (ISCON) (pp. 1–6).IEEE. https://doi.org/10.1109/ISCON65210.2025.11341405
[21] Majid, S. S., Maleki, A., Basirat, S., Golkafard, A. (2025). Fermatean fuzzy TOPSIS method andits application in ranking business intelligence-based strategies in smart city context. Journal of

Operations Intelligence, 3(1), 1–16. https://doi.org/10.31181/jopi31202532
[22] Malik, M., Gupta, S. K. (2025). On optimistic, pessimistic and mixed fuzzy-programming basedapproaches to solve multi-objective fully intuitionistic fuzzy linear fractional programming prob-lems. Annals of Operations Research, 346(2), 1399–1443. https://doi.org/10.1007/s10479-023-05173-0
[23] Gupta, P., Mehlawat, M. K. (2009). Bector-Chandra type duality in fuzzy linear program-ming with exponential membership functions. Fuzzy Sets and Systems, 160(22), 3290–3308.https://doi.org/10.1016/j.fss.2009.04.012
[24] Angelov, P. P. (1997). Optimization in an intuitionistic fuzzy environment. Fuzzy Sets and Systems,86(3), 299–306. https://doi.org/10.1016/S0165-0114(96)00009-7
[25] Lin, A., Menta, A. K., Ahmed, S. A., Zhang, A., Perdomo, D., Reddy, A., Ward, K. B. (2025). A com-prehensive analysis of MRI-related cochlear implant adverse events reported by FDA’s Manufac-turer and User Facility Device Experience Database. Laryngoscope Investigative Otolaryngology,10(1), e70073. https://doi.org/10.1002/lio2.70073
[26] World Health Organization. (2025). Deafness and hearing loss. https://www.who.int/news-room/fact-sheets/detail/deafness-and-hearing-loss
[27] WorldHealthOrganization. (2023).WorldHearingDay. https://www.who.int/india/campaigns/world-hearing-day-2023
[28] Indian Sign Language Research and Training Centre. (2011). About us. https://islrtc.nic.in/about-us/

23

https://doi.org/10.1007/s00500-022-07609-4
https://doi.org/10.1016/j.dajour.2023.100394
http://ada-journal.org/index.php/ada/article/view/1
https://doi.org/10.1007/s10479-025-06524-9
https://doi.org/10.1109/ISCON65210.2025.11341405
https://doi.org/10.31181/jopi31202532
https://doi.org/10.1007/s10479-023-05173-0
https://doi.org/10.1007/s10479-023-05173-0
https://doi.org/10.1016/j.fss.2009.04.012
https://doi.org/10.1016/S0165-0114(96)00009-7
https://doi.org/10.1002/lio2.70073
https://www.who.int/news-room/fact-sheets/detail/deafness-and-hearing-loss
https://www.who.int/news-room/fact-sheets/detail/deafness-and-hearing-loss
https://www.who.int/india/campaigns/world-hearing-day-2023
https://www.who.int/india/campaigns/world-hearing-day-2023
https://islrtc.nic.in/about-us/
https://islrtc.nic.in/about-us/

	Introduction
	Literature review
	Motivation and the Present Research Work

	I-Fuzzy Duality for Exponential Goal Functions
	Pessimistic Approach

	Solution of TZMGs with I-Fuzzy Goals
	LPPs for TMGIG under Pessimistic Approach

	Numerical Example
	Comparative Analysis

	MRI Related CIs Adverse Events Reporting Based TZMG
	CI and MRI Associated Adverse Effects
	Formulation and Solution of MRI Related CI Adverse Effects as TZMG with I-Fuzzy Goals
	Discussion and Advantages

	Conclusion

