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Fuzzy sets model vagueness by assigning each element a membership value inthe interval [0, 1]. Hyperfuzzy sets extend this concept by mapping each elementto a nonempty subset of [0, 1], thereby capturing both uncertainty and variabilityin membership degrees. An (m,n)-superhyperfuzzy set further generalizes theseideas by associating each nonempty element of the mth and nth iterated power-sets with a nonempty family of subsets of [0, 1], enabling the representation ofhierarchical and nested forms of imprecision. Decision-making refers to the pro-cess of identifying, evaluating, and selecting the most suitable option from mul-tiple alternatives to achieve specified objectives. Fuzzy group decision-makingaggregates experts’ fuzzy preference relations to produce collective rankings orto select optimal alternatives. While extensive research has been conducted onhyperfuzzy and superhyperfuzzy sets as well as on fuzzy group decision-making,their integrated framework remains largely unexplored. Motivated by this gap,the present study investigates the formulation, properties, and potential applica-tions of hyperfuzzy and superhyperfuzzy group decision-making.
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1. Preliminaries
We now introduce the basic concepts and notation used throughout. All sets in this paper areassumed finite.

1.1 HyperFuzzy Sets and SuperHyperFuzzy Sets

Fuzzy sets model vagueness by assigning each element a membership degree in [0, 1] [1, 2]. Relatedextensions include Bipolar Fuzzy Sets[3, 4], Intuitionistic Fuzzy Sets[5], Neutrosophic Sets [6], HesitantFuzzy Sets[7], and Plithogenic Sets[8, 9]. In this work, we focus on two key generalizations: the Hy-
perFuzzy Set [10–12] and its hierarchical counterpart, the SuperHyperFuzzy Set [13]. Both frameworks
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employ iterated powerset constructions to represent multiple layers of uncertainty.
Definition 1.1 (Base Set). [14] A base set S is the universe from which all further constructions derive:

S = {x | x belongs to the specified domain}.

Every element of P(S), Pn(S), and related constructs is drawn from S.

Definition 1.2 (Powerset). [15] The powerset of S, denoted P(S), is the family of all subsets of S,
including ∅ and S itself:

P(S) = {A | A ⊆ S}.

Definition 1.3 (n-th Powerset). [16] Starting with P1(H) = P(H), the n-th powerset ofH is defined
inductively by

Pn+1(H) = P
(
Pn(H)

)
(n ≥ 1).

Likewise, the n-th nonempty powerset P∗
n(H) omits the empty set at each stage:

P∗
1 (H) = P(H) \ {∅},

P∗
n+1(H) = P

(
P∗

n(H)
)
\ {∅}.

Example 1.4 (Real-world 3rd Powerset: Produce Packaging). Consider the universe of fruits
H = {apple, banana, cherry}.

Then
P1(H) = P(H) =

{
∅, {apple}, {banana}, {cherry},

{apple,banana}, {apple,cherry}, {banana,cherry},
{apple,banana,cherry}

}
.

Interpret each nonempty subset as a basket of fruit:
B1 = {apple,banana}, B2 = {banana,cherry}, B3 = {apple,cherry}, . . .

Next,
P2(H) = P

(
P1(H)

)
is the family of all pallets, each pallet being a collection of baskets. For example:

PA =
{
B1, B2

}
=

{
{apple,banana}, {banana,cherry}

}
∈ P2(H),

PB =
{
B3, {apple}

}
=

{
{apple,cherry}, {apple}

}
∈ P2(H).

Finally,
P3(H) = P

(
P2(H)

)
is the family of all containers, each container grouping several pallets. For instance:
C =

{
PA, PB

}
=

{
{{apple,banana}, {banana,cherry}}, {{apple,cherry}, {apple}}

}
∈ P3(H).

In this way, P1(H) models individual baskets, P2(H) models pallets of baskets, and P3(H) models
shipping containers of pallets—concretely illustrating the 3rd iterated powerset in a produce-packaging
context.
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Definition 1.5 (Fuzzy Set). [1, 17] A fuzzy set τ on a nonempty universe Y is a function

τ : Y −→ [0, 1].

A fuzzy relation δ on Y is a fuzzy subset of Y × Y satisfying

δ(y, z) ≤ min{τ(y), τ(z)} for all y, z ∈ Y.

Definition 1.6 (HyperFuzzy Set). [10, 12] Let X be a nonempty universe. A HyperFuzzy Set Ã on X is
given by

µ̃ : X −→ P̃([0, 1]),

where P̃([0, 1]) denotes all nonempty subsets of [0, 1]. For each x ∈ X , the set µ̃(x) ⊆ [0, 1] repre-
sents the range of plausible membership degrees for x, thus modeling both fuzziness and variability
simultaneously.

Example 1.7 (Real-world Example of a HyperFuzzy Set: Product Quality Assessment). Let
X = {Laptop, Tablet, Smartphone}

be the set of products in a store. A panel of experts evaluates the overall quality of each product, but
instead of giving a singlemembership degree in [0, 1], each product is assigned a set of plausible values
representing the variability in expert opinions.

Define the HyperFuzzy membership function

µ̃ : X −→ P̃([0, 1])

by:

µ̃(Laptop) = {0.80, 0.85, 0.90}, µ̃(Tablet) = {0.65, 0.70}, µ̃(Smartphone) = {0.75, 0.78, 0.82}.

Here:

• The laptop’s quality assessment varies between 0.80 and 0.90, depending on design and perfor-
mance reviews.

• The tablet’s scores are slightly lower andmore consistent, reflectingmoderate consensus among
experts.

• The smartphone’s quality range is intermediate, capturing differences in opinion about durability
and features.

This representation models both the fuzziness of product quality and the variability in expert assess-
ments.

Definition 1.8 (m,n-SuperHyperFuzzy Set). [13, 18] LetX be a nonempty set and letm,n ∈ N0. Define
the nonempty k-th powerset of a set Y by

P∗
0 (Y ) = Y, P∗

k(Y ) = P
(
P∗

k−1(Y )
)
\ {∅}, k ≥ 1.

In particular, P∗
m(X) is the family of all nonempty elements of them-th iterated powerset of X , and

P∗
n([0, 1]) is defined analogously. Then an (m,n)-SuperHyperFuzzy Set onX is a function

µ̃m,n : P∗
m(X) −→ P̃∗

n

(
[0, 1]

)
, A 7→ µ̃m,n(A),

where P̃∗
n([0, 1]) denotes the collection of all nonempty subsets ofPn([0, 1]). Thus eachA ∈ P∗

m(X) is
assigned a nonempty family of membership-degree sets µ̃m,n(A) ⊆ Pn([0, 1]), capturing hierarchical
uncertainty across both them- and n-levels.
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Example 1.9 (Real-world (2, 2)-SuperHyperFuzzy Set: Climate Impact Assessment). Let

X = {Temp, Sea, Precip}

be the three key climate indicators: temperature increase (Temp), sea-level rise (Sea), and precipitation
variability (Precip). We takem = 2, n = 2.

Step 1: Compute the iterated powersets.

P∗
1 (X) =

{
{ Temp}, {Sea}, {Precip}, {Temp,Sea}, {Temp,Precip}, {Sea,Precip}, {Temp,Sea,Precip}

}
,

P∗
2 (X) = P

(
P∗

1 (X)
)
\ {∅},

so each element of P∗
2 (X) is a nonempty collection of subsets ofX . For instance, consider

A =
{
{Temp,Sea}, {Sea,Precip}

}
∈ P∗

2 (X).

Step 2: Define the membership mapping. We set

µ̃2,2(A) =
{
{0.65, 0.75}︸ ︷︷ ︸

Scenario-1
expert-bounds

, {0.80}︸ ︷︷ ︸
Scenario-2

single estimate

}
⊆ P̃∗

2 ([0, 1]),

meaning:

• For the grouping {Temp,Sea}, experts’ assessments under Scenario 1 span the interval [0.65, 0.75].

• For the grouping {Sea,Precip}, Scenario 2 yields a single consensus value 0.80.

Thus
µ̃2,2 : P∗

2 (X) −→ P̃∗
2 ([0, 1])

assigns to each “pair-of-pairs” of indicators a nonempty family of fuzzy-degree sets, capturing both
the hierarchy of indicator combinations (level 2) and nested uncertainty (level 2) arising from multiple
scenarios and expert bounds.

Example 1.10 (Real-world (1, 2)-SuperHyperFuzzy Set: Customer Product Feedback). Let
X = {EaseOfUse, Reliability, Design}, m = 1, n = 2.

Then the nonempty first-level powerset is

P∗
1 (X) =

{
{EaseOfUse}, {Reliability}, {Design},

{EaseOfUse, Reliability}, {EaseOfUse,Design},

{Reliability,Design}, {EaseOfUse, Reliability,Design}
}
.

We define the superhyperfuzzy membership function

µ̃1,2 : P∗
1 (X) −→ P̃∗

2 ([0, 1])

by assigning to each attribute-group a family of fuzzy-degree sets reflecting different customer seg-
ments.

For the pair
A = {EaseOfUse, Reliability},
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set

µ̃1,2(A) =
{
{0.70, 0.75}︸ ︷︷ ︸

Casual users
feedback range

, {0.85}︸ ︷︷ ︸
Expert testers
consensus

}
⊆ P̃∗

2 ([0, 1]).

For the singleton
B = {Design},

set
µ̃1,2(B) =

{
{0.65, 0.70, 0.72}, {0.80, 0.83}

}
,

where the first inner set is ratings from focus-group survey and the second from expert review.
Thus µ̃1,2 assigns to each nonempty attribute grouping in P∗

1 (X) a nonempty collection of fuzzy-
degree sets, capturing both the hierarchical grouping of product features (level 1) and the nested un-
certainty across distinct customer segments (level 2).

1.2 Fuzzy Group Decision Making

Decision making involves evaluating a set of alternatives and selecting the most appropriate op-tion based on defined criteria, stakeholder preferences, and available information [19, 20]. FuzzyGroup Decision Making extends this process by aggregating multiple experts’ fuzzy preference rela-tions—mappings Rh : X × X → [0, 1]—to generate collective rankings or identify robust, optimalsolutions (cf.[21, 22]). Related approaches include Intuitionistic Fuzzy Group Decision Making[23, 24],Hesitant Fuzzy Group Decision Making [25, 26], and Neutrosophic Group Decision Making[27, 28].
Definition 1.11 (Fuzzy Group Decision Making). (cf.[29, 30]) Let X = {x1, . . . , xn} be a finite set ofalternatives and E = {e1, . . . , em} a finite set of experts. For each expert eh, let

Rh : X ×X −→ [0, 1]

be a fuzzy preference relation satisfying

1. reflexivity: Rh(xi, xi) =
1
2
for all i,

2. reciprocity: Rh(xi, xk) +Rh(xk, xi) = 1 for all i, k.

A fuzzy group decision making problem is the tuple(
X, E, {Rh}mh=1, Φ, D

)
,

where

1. Φ is an aggregation operator
Φ :

m∏
h=1

[0, 1]X×X −→ [0, 1]X×X ,

defined pointwise by

R∗(xi, xk) = Φ
(
R1(xi, xk), . . . , Rm(xi, xk)

)
, ∀xi, xk ∈ X.

2. D is a decision rule assigning to the collective relation R∗ either

• a ranking via the fuzzy outranking xi ≻∗ xk ⇐⇒ R∗(xi, xk) ≥ R∗(xk, xi),
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• or a selection of one or more optimal alternatives, for example by computing

si =
n∑

k=1

R∗(xi, xk) and choosing all xi with maximal si.

The solution of the problem is
D
(
Φ(R1, . . . , Rm)

)
.

Example 1.12 (Fuzzy Group Decision Making: Car Selection). (cf.[31, 32]) Consider a committee of three
expertsE = {E1, E2, E3} choosing among three car modelsX = {Car A, Car B, Car C}. We illustrate
the steps in detail.

Step 1: Expert preference relations. Each expert Eh supplies a fuzzy preference matrix

Rh

(
xi, xj

)
∈ [0, 1] (i, j = 1, 2, 3)

with Rh(xi, xi) = 0.5 and Rh(xi, xj) +Rh(xj, xi) = 1. Concretely:

R1 :

A B C
A 0.5 0.6 0.7
B 0.4 0.5 0.4
C 0.3 0.6 0.5

R2 :

A B C
A 0.5 0.8 0.6
B 0.2 0.5 0.55
C 0.4 0.45 0.5

R3 :

A B C
A 0.5 0.7 0.55
B 0.3 0.5 0.5
C 0.45 0.5 0.5

Step 2: Aggregation. We choose the arithmetic-mean operator

Φ
(
R1, R2, R3

)
(xi, xj) =

R1(xi, xj) +R2(xi, xj) +R3(xi, xj)

3
.

Thus the collective relation R∗ = Φ(R1, R2, R3) is

R∗ :

A B C
A 0.50 0.70 0.617
B 0.30 0.50 0.483
C 0.383 0.517 0.50

(
R∗(B,A) = 1− 0.70, . . .

)
Step 3: Decision rule. We compute the “score” of each alternative:

s(A) = 0.50 + 0.70 + 0.617 = 1.817,

s(B) = 0.30 + 0.50 + 0.483 = 1.283,

s(C) = 0.383 + 0.517 + 0.50 = 1.400.

Selecting the car(s) with maximal score yields the ranking

Car A ≻∗ Car C ≻∗ Car B.

Hence the group’s preferred choice is Car A.
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2. Main Results

In this section, we present the main contributions of this paper, namely the formal definitionsand fundamental properties of HyperFuzzy Group Decision Making, SuperHyperFuzzy Group DecisionMaking, and their associated aggregation and decision rules.
2.1 HyperFuzzy Group Decision Making

HyperFuzzy Group Decision Making aggregates experts’ hyperfuzzy preference sets to producecollective rankings or selections accounting for set-valued uncertainty.
Definition 2.1 (HyperFuzzy Group Decision Making). Let X = {x1, . . . , xn} be a finite set of alterna-tives and E = {e1, . . . , em} a finite set of experts. Denote by

P̃([0, 1]) = {S ⊆ [0, 1] | S ̸= ∅}

the family of all nonempty subsets of [0, 1]. For each expert eh, let

R̃h : X ×X −→ P̃([0, 1])

be a hyperfuzzy preference relation satisfying for all xi, xk ∈ X:

1. reflexivity: R̃h(xi, xi) ⊆ [0, 1] contains 0.5,

2. reciprocity: R̃h(xk, xi) = { 1− α | α ∈ R̃h(xi, xk) }.

Define the aggregation operator
Φ̃ :

m∏
h=1

P̃([0, 1])X×X −→ P̃([0, 1])X×X

by

R̃∗(xi, xk) = Φ̃
(
R̃1(xi, xk), . . . , R̃m(xi, xk)

)
=

m⋃
h=1

R̃h(xi, xk),

for all xi, xk ∈ X . Finally, letD be a decision rule which, given the collective relation R̃∗, yields either

• a ranking via the hyperfuzzy outranking

xi ≻∗ xk ⇐⇒ max R̃∗(xi, xk) ≥ max R̃∗(xk, xi),

• or a selection of optimal alternatives, for example by computing

si =
n∑

k=1

max R̃∗(xi, xk), and choosing all xi with maximal si.

The tuple (
X, E, {R̃h}mh=1, Φ̃, D

)
is called a HyperFuzzy Group Decision Making problem.
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Example 2.2 (HyperFuzzy Group Decision Making: Smartphone Selection). (cf.[33, 34]) Let

X = {Phone A, Phone B, Phone C}, E = {e1, e2, e3}.

Each expert eh provides a hyperfuzzy preference relation R̃h : X × X → P̃([0, 1]) with reflexivity
R̃h(x, x) ⊇ {0.5} and reciprocity R̃h(y, x) = {1− α : α ∈ R̃h(x, y)}.

Step 1: Expert hyperfuzzy preferences.

R̃1(A,B) = {0.60, 0.70}, R̃1(A,C) = {0.80}, R̃1(B,C) = {0.50, 0.55},
R̃2(A,B) = {0.65}, R̃2(A,C) = {0.75, 0.85}, R̃2(B,C) = {0.40, 0.60},
R̃3(A,B) = {0.60, 0.65, 0.70}, R̃3(A,C) = {0.80}, R̃3(B,C) = {0.50, 0.60, 0.70}.

Their reciprocals follow by R̃h(y, x) = {1− α | α ∈ R̃h(x, y)}.
Step 2: Aggregation. Define R̃∗(x, y) =

⋃3
h=1 R̃h(x, y). Then

R̃∗(A,B) = {0.60, 0.65, 0.70},

R̃∗(A,C) = {0.75, 0.80, 0.85},

R̃∗(B,C) = {0.40, 0.50, 0.55, 0.60, 0.70}.

Reciprocals:
R̃∗(B,A) = {0.30, 0.35, 0.40},

R̃∗(C,A) = {0.15, 0.20, 0.25},

R̃∗(C,B) = {0.30, 0.40, 0.45, 0.50, 0.60}.

Step 3: Decision rule (hyperfuzzy outranking). Compute maxima:

max R̃∗(A,B) = 0.70, max R̃∗(B,A) = 0.40

=⇒ A ≻∗ B,

max R̃∗(A,C) = 0.85, max R̃∗(C,A) = 0.25

=⇒ A ≻∗ C,

max R̃∗(B,C) = 0.70, max R̃∗(C,B) = 0.60

=⇒ B ≻∗ C.

Thus the collective ranking is

Phone A ≻∗ Phone B ≻∗ Phone C,

so the group’s preferred choice is Phone A.

Theorem 2.3. In a HyperFuzzy Group Decision Making problem as above:

1. The collective relation R̃∗ : X ×X → P̃([0, 1]) is a HyperFuzzy Set onX ×X .

2. If each R̃h(xi, xk) is a singleton for all h, i, k, then the model reduces exactly to the classical
Fuzzy Group Decision Making.
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Proof.(1) By definition, R̃∗(xi, xk) is the union of nonempty subsets of [0, 1], hence itself a nonempty subsetof [0, 1]. Thus R̃∗ ∈ P̃([0, 1])X×X , which is precisely the data of a HyperFuzzy Set on X ×X .(2) If each expert’s preference R̃h(xi, xk) = {µh(xi, xk)} for some µh(xi, xk) ∈ [0, 1], then

R̃∗(xi, xk) =
m⋃

h=1

{µh(xi, xk)} = { max
1≤h≤m

µh(xi, xk)},

so the collective preference is the singleton-valued relation µ∗(xi, xk) = maxh µh(xi, xk). Hence
µ∗ : X × X → [0, 1] is an ordinary fuzzy preference relation, and one recovers exactly the classicalFuzzy Group Decision Making formulation.
2.2 SuperHyperFuzzy Group Decision Making

SuperHyperFuzzy Group Decision Making extends aggregation by employing iterated powersetstructures of alternatives and membership degrees to model hierarchical uncertainty.
Definition 2.4 ((m,n)-SuperHyperFuzzy Group Decision Making). Let X = {x1, . . . , xp} be a finite
set of alternatives andE = {e1, . . . , em} a finite set of experts. Fix nonnegative integersm,n. Define
the nonempty k-th powerset and its “tilde” extension by

P∗
0 (Y ) = Y, P∗

k(Y ) = P
(
P∗

k−1(Y )
)
\ {∅},

P̃∗
k(Y ) =

{
S ⊆ Pk(Y ) | S ̸= ∅

}
.

In particularP∗
m(X) is the domain of “super-alternatives” and P̃∗

n([0, 1]) the family of allowedmembership-
degree sets at level n. A (m,n)-SuperHyperFuzzy Group Decision Making problem consists of:

• For each expert eh, a superhyperfuzzy preference relation
R̃h : P∗

m(X)× P∗
m(X) −→ P̃∗

n([0, 1]),

subject to

1. (Reflexivity) κn(
1
2
) ∈ R̃h(A,A) for all A ∈ P∗

m(X),

2. (Reciprocity) for each inner-level set U ∈ R̃h(A,B), Compn(U) ∈ R̃h(B,A), where
Comp0(x) = 1− x and Compk+1(S) = {Compk(s) | s ∈ S}.

• An aggregation operator
Φ̃ :

m∏
h=1

(
P̃∗

n([0, 1])
)P∗

m(X)×P∗
m(X)

−→
(
P̃∗

n([0, 1])
)P∗

m(X)×P∗
m(X)

,

defined pointwise by set–union:

R̃∗(A,B) = Φ̃
(
R̃1(A,B), . . . , R̃m(A,B)

)
=

m⋃
h=1

R̃h(A,B).

• A decision rule D which, given R̃∗, either
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– ranks “super-alternatives” by

A ≻∗ B ⇐⇒ max(n)
(
R̃∗(A,B)

)
≥ max(n)

(
R̃∗(B,A)

)
,

where
(0)
max(x) = x

,
(k+1)
max(S) = max{

(k)
max(s) | s ∈ S}

,
– or selects all Amaximizing

s(A) =
∑

B∈P∗
m(X)

max(n)(R̃∗(A,B)).

The tuple (
X, E, {R̃h}mh=1, Φ̃, D

)
is called a (m,n)-SuperHyperFuzzy Group Decision Making problem.

Example 2.5 (Real-world (1, 2)-SuperHyperFuzzy Group Decision Making: Supplier Evaluation). Let
X = {Cost, Quality, Delivery}, m = 1, n = 2, E = {e1, e2}.

Then the “super-alternatives” domain is P∗
1 (X), i.e. all nonempty subsets ofX . In practice, the com-

mittee considers two major bundles:

A = {Cost,Quality},

B = {Quality,Delivery}.
Each expert eh gives a superhyperfuzzy preference R̃h : P∗

1 (X)× P∗
1 (X) → P̃∗

2 ([0, 1]).Expert e1:
R̃1(A,B) =

{
{ 0.70, 0.75}, { 0.85}

}
,

R̃1(B,A) =
{
{ 0.15, 0.25}, { 0.30}

}
,

with κ2(0.5) = {{0.5}} ∈ R̃1(A,A).Expert e2:
R̃2(A,B) =

{
{ 0.65}, { 0.80, 0.90}

}
,

R̃2(B,A) =
{
{ 0.10}, { 0.20, 0.35}

}
,

with κ2(0.5) ∈ R̃2(B,B).
Aggregating by union,

R̃∗(A,B) = R̃1(A,B) ∪ R̃2(A,B) = { {0.65}, {0.70, 0.75}, {0.80, 0.90}, {0.85}},

R̃∗(B,A) = { {0.10}, {0.15, 0.25}, {0.20, 0.35}, {0.30}}.
Applying the hyperfuzzy outranking rule,

(2)
max

(
R̃∗(A,B)

)
= max{max{0.65},max{0.70, 0.75},max{0.80, 0.90},max{0.85}} = 0.90,

(2)
max

(
R̃∗(B,A)

)
= 0.35,

hence A ≻∗ B. The group thus selects the “Cost + Quality” bundle A as the optimal supplier profile.

10
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Example 2.6 (Real-world (2, 1)-SuperHyperFuzzy Group Decision Making: Urban Infrastructure Prior-itization). Let

X = {Transportation, Housing, GreenSpace, Industry}, m = 2, n = 1, E = {e1, e2}.

Then
P∗

1 (X) =
{
{Transportation}, {Housing}, {GreenSpace}, {Industry},

{Transportation,Housing}, . . . , {Transportation,Housing,GreenSpace,Industry}
}
,

and
P∗

2 (X) = P
(
P∗

1 (X)
)
\ {∅},

whose elements are super-alternatives, i.e. collections of nonempty subsets ofX . In practice we focus
on:

A =
{
{Transportation,Housing}, {Housing,GreenSpace}

}
,

B =
{
{Transportation,Industry}, {GreenSpace,Industry}

}
,

both in P∗
2 (X).

Expert e1:
R̃1(A,B) =

{
{0.60, 0.75}, {0.85}

}
,

R̃1(B,A) =
{
{0.15, 0.25}, {0.30}

}
,

with reflexivity {0.5} ∈ R̃1(A,A).
Expert e2:

R̃2(A,B) =
{
{0.65}, {0.80, 0.90}

}
,

R̃2(B,A) =
{
{0.10}, {0.20, 0.35}

}
,

with {0.5} ∈ R̃2(B,B).
Aggregation: By union,

R̃∗(A,B) = R̃1(A,B) ∪ R̃2(A,B) = {{0.60, 0.75}, {0.65}, {0.80, 0.90}, {0.85}},

R̃∗(B,A) = {{0.15, 0.25}, {0.30}, {0.10}, {0.20, 0.35}}.

Decision rule (hyperfuzzy outranking): Compute pointwise maxima:

max R̃∗(A,B) = max{0.60, 0.75, 0.65, 0.80, 0.90, 0.85} = 0.90, max R̃∗(B,A) = 0.35.

Since 0.90 > 0.35, we have A ≻∗ B. Thus the group’s optimal choice is the super-alternative A,
prioritizing the “Transportation & Housing” and “Housing & GreenSpace” bundles.

Theorem 2.7. Let
(
X,E, {R̃h}, Φ̃, D

)
be a (m,n)-SuperHyperFuzzy Group Decision Making problem

as above. Then:

1. The aggregated relation R̃∗ : P∗
m(X)×P∗

m(X) → P̃∗
n([0, 1]) is precisely an (m,n)-SuperHyperFuzzy

Set on P∗
m(X).

2. Ifm = n = 0, then P∗
0 (X) = X and P̃∗

0 ([0, 1]) = [0, 1], so the model reduces to classical Fuzzy
Group Decision Making.

3. Ifm = 0 and n > 0, then it reduces to HyperFuzzy Group Decision Making.
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Proof. (1) By construction, for each (A,B), R̃∗(A,B) is a nonempty union of elements in Pn([0, 1]),so R̃∗(A,B) ∈ P̃∗

n([0, 1]). Hence R̃∗ is exactly an (m,n)-SuperHyperFuzzy Set on P∗
m(X).

(2) If m = n = 0, then by definition P∗
0 (X) = X and P̃∗

0 ([0, 1]) = [0, 1]. Each expert relation R̃hbecomes a function X × X → [0, 1], and aggregation by union becomes pointwise maximum. Thiscoincides with the classical fuzzy-preference aggregation.
(3) If m = 0 but n > 0, then P∗

0 (X) = X while P̃∗
n([0, 1]) remains nonempty subsets of Pn([0, 1]).Thus one recovers exactly the HyperFuzzy Group Decision Making formulation.

Theorem 2.8 (Aggregation Closure). Let (X,E, {R̃h}mh=1, Φ̃, D
)
be a (m,n)-SuperHyperFuzzy Group

Decision Making problem, and define the collective relation

R̃∗(A,B) = Φ̃
(
R̃1(A,B), . . . , R̃m(A,B)

)
=

m⋃
h=1

R̃h(A,B),

for all A,B ∈ P∗
m(X). Then R̃∗ is again a valid superhyperfuzzy preference relation, i.e.

R̃∗ : P∗
m(X)× P∗

m(X) −→ P̃∗
n([0, 1]),

satisfying reflexivity and reciprocity.

Proof. By definition each R̃h(A,B) is a nonempty subset of Pn([0, 1]). A union of nonempty subsetsis nonempty, so R̃∗(A,B) ∈ P̃∗
n([0, 1]). For reflexivity, since κn(

1
2
) ∈ R̃h(A,A) for each h, it follows

κn(
1
2
) ∈

⋃m
h=1 R̃h(A,A) = R̃∗(A,A). For reciprocity, if U ∈ R̃∗(A,B) then U ∈ R̃h0(A,B) for some

h0, hence by assumption Compn(U) ∈ R̃h0(B,A) ⊆ R̃∗(B,A). This shows R̃∗ satisfies both axioms,proving the claim.
Theorem 2.9 (Consensus Idempotence). If all experts agree pointwise, i.e. R̃1 = R̃2 = · · · = R̃m =:
R, then the aggregated relation coincides with R:

R̃∗(A,B) =
m⋃

h=1

R(A,B) = R(A,B) ∀A,B ∈ P∗
m(X).

Proof. Since each R̃h(A,B) = R(A,B), the union⋃m
h=1R(A,B) simply returns the same setR(A,B),establishing idempotence under unanimous expert opinion.

Theorem2.10 (Score Monotonicity). Let (X,E, {R̃h}, Φ̃, D
)
be a (m,n)-SuperHyperFuzzy GDMprob-

lem with aggregated relation R̃∗(A,B) =
⋃m

h=1 R̃h(A,B). Define the “score” of a super-alternative
A by

s(A) =
∑

B∈P∗
m(X)

max(n)
(
R̃∗(A,B)

)
.

If for some expert index t and some pair (A0, B0)we replace R̃t(A0, B0) by a strictly larger nonempty
set R̃′

t(A0, B0) ⊇ R̃t(A0, B0), then the new aggregated relation R̃∗′ satisfies

s′(A0) ≥ s(A0),

and s′(A)=s(A) for all A ̸= A0.

12
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Proof. Only the union at (A0, B0) changes:

R̃∗′(A0, B0) =
(⋃
h̸=t

R̃h(A0, B0)
)

∪ R̃′
t(A0, B0) ⊇ R̃∗(A0, B0).

Hence max(n)
(
R̃∗′(A0, B0)

)
≥ max(n)

(
R̃∗(A0, B0)

), while for any other pair (A,B) ̸= (A0, B0) theaggregated set is unchanged, so its maximum is unchanged. Summing over B yields s′(A0) ≥ s(A0)and s′(A) = s(A) for A ̸= A0.
Theorem2.11 (Redundancy of Dominated Expert). In the same setting, suppose there is an expert index
t such that for every pair (A,B)

R̃t(A,B) ⊆
⋃
h̸=t

R̃h(A,B).

Then removing expert t does not change the aggregated relation:

m⋃
h=1

R̃h(A,B) =
⋃
h̸=t

R̃h(A,B),

∀A,B ∈ P∗
m(X).

Proof. For each (A,B),
m⋃

h=1

R̃h(A,B) =
(⋃
h̸=t

R̃h(A,B)
)

∪ R̃t(A,B)

=
⋃
h̸=t

R̃h(A,B),

since by hypothesis R̃t(A,B) is already contained in the union over h ̸= t. Thus the aggregate isunchanged when t is omitted.
Theorem 2.12 (Commutativity and Associativity of Aggregation). The union-based aggregation oper-
ator Φ̃

(
R̃1, . . . , R̃m

)
=

⋃m
h=1 R̃h is both commutative and associative in the expert index: for any

reordering or grouping of the R̃h, the result of R̃∗ is identical.

Proof. Union of sets is well-known to satisfy A ∪ B = B ∪ A (commutativity) and (A ∪ B) ∪ C =
A ∪ (B ∪ C) (associativity). Applying these identities repeatedly across the family {R̃h(A,B)}mh=1yields the desired result.
3. Conclusion

In this paper, we introduced the Hyperfuzzy and (m,n)-SuperHyperfuzzy Group Decision Mak-ing frameworks. Future work will explore group decision making approaches based on Graphs [35,36], Hypergraphs [37, 38], Shadowed set [39–41], Neutrosophic Set[42, 43], Picture Fuzzy Set[44, 45],Plithogenic Set[46, 47], and SuperHyperGraphs [48–50], and will include experimental evaluationsusing various algorithms and datasets.
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